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Dimension-independent estimates for heat operators and 

harmonic functions 

Matthew Cecil and Brian C. Hall* 



Abstract. We establish dimension-independent estimates related to heat op- 
erators e* on manifolds. We first develop a very general contractivity result 
for Markov kernels which can be applied to diffusion semigroups. Second, we 
develop estimates on the norm behavior of harmonic and non-negative sub- 
harmonic functions. We apply these results to two examples of interest: when 
L is the Laplacc-Bcltrami operator on a Riemannian manifold with Ricci cur- 
vature bounded from below, and when L is an invariant subelliptic operator 
of Hormander type on a Lie group. In the former example, we also obtain 
pointwise bounds on harmonic and subharmonic functions, while in the latter 
example, we obtain pointwise bounds on harmonic functions when a general- 
ized curvature-dimension inequality is satisfied. 

1. Introduction and Statement of Results 

The Laplace-Beltrami operator is of central importance in the study of analysis 
on a Riemannian manifold M. It defines the heat equation and special classes of 
functions such as harmonic and subharmonic. The Laplace-Beltrami operator can 
also be used to define heat kernel measures on M. Heat kernel measures continue 
to exist on many infinite-dimensional manifolds where there is no reasonable notion 
of volume measure. 

We are interested, then, in finding aspects of the study of diffusion operators 
and heat semigroups on finite-dimensional manifolds for which the estimates can 
be made independent of dimension. Such estimates then have a chance of also 
holding in the infinite-dimensional settings. Some potential infinite-dimensional 
applications of our results are discussed in the appendix. 

The Laplace-Beltrami operator on a Riemannian manifold is the infinitesimal 
generator of a Brownian motion. More generally, if M is a smooth manifold, any 
M-valued diffusion {X t } t >o has an infinitesimal generator L and an associated 
collection of heat kernel measures /zf (depending on x € M) on B(M), the Borel 
a- algebra of M. The heat kernel measure is defined by 

fif(E) = P x (X t e E) 

for E 6 B(M), where P x denotes the probability conditioned on Xq = x a.s. In the 
event that ^ is absolutely continuous with respect to a natural volume measure 
(for example, Riemannian volume measure or Haar measure) , its density is the heat 
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kernel, denoted by /it(x,y) in the sequel. We will assume throughout that M is 
stochastically complete, i.e. P x (Xt G M) = 1 for all x G M and all t > 0. 

We define the heat operator acting on a function / : M R by the integral 



whenever the integral converges. When the heat kernel is the minimal fundamental 
solution to the heat equation, the function u(t,x) = (e tL f)(x) solves the heat 
equation 



In this article, we discuss three types of dimension-independent estimates, all 
of which concern functions that belong to L p with respect to a fixed heat kernel 
measure [i^. The first concerns the heat operator itself, the second gives a certain 
norm inequality for harmonic and non-negative subharmonic functions, and the 
third gives pointwise bounds on harmonic functions in two examples of interest: 
when L is the Laplace-Beltrami operator on a Riemannian manifold with Ricci 
curvature bounded from below and when L is an invariant subelliptic operator of 
Hormander type on a Lie group which satisfies a generalized curvature-dimension 
inequality. 

Under mild assumptions (for example, if our heat kernel has a jointly measur- 
able density with respect to a reference measure), the map x — > fJ,f(E) is measurable 
for every E G B(M). In this event, our first result is the following: 

Theorem 1.1. Suppose < t < T and 1 < p < oo. // / G L P (M,^), then 
(e tL f)(x) (defined by Eq. (QJjJ is absolutely convergent for ^_ t -almost every x in 
M. Furthermore, e tL is a contraction from L p (M,/i^) to L P (M, fij,_ t ). 

If M is a Riemannian manifold with Ricci curvature bounded from below and L 
is the Laplace-Beltrami operator, or more generally if the heat semigroup satisfies 
a curvature-dimension CD(K, oo) inequality, then it has already been proved in 
[1] that e tL is hypercontractive and maps L P (M, fij,) to L q (M, (J>j--t) f° r cer tam 
values of q > p (see Corollary II .41 below - ) . Our result is weaker in the sense that it 
only shows contractivity rather than hypercontractivity, but it makes no additional 
assumptions on M besides stochastic completeness and measurability of the heat 
kernels. 

Our proof of Theorem 11.11 relies on a very general (and elementary) contrac- 
tivity result (Theorem I2.1[) for certain maps between finite measure spaces known 
as Markov kernels. As such, Theorem 11.11 is directly applicable to any infinite- 
dimensional manifold M provided a reasonable family of heat kernel measures 
{/ifjzgA/ is known to exist. That is, there is no need to define the heat opera- 
tor on cylinder functions and then extend by linearity. 

Our next results concern harmonic and subharmonic functions on M. At a 
formal level, a function satisfying Lf = should also satisfy e tL f — f. However, 
in the general setting of Theorem 1 1.1[ the measures [i^ and l^x-t may be mutually 
singular. In this event, it does not make sense to say that an element of L P (M, fij,) 

is equal to an element of L P (M, fJ^_ t )- Even when the measures /x^, and jjjrp £ are 

equivalent, the operator e tL is computed by the integral ([T]) and not a power series 
in the operator L. Theorem 13.51 below gives sufficient conditions on the process X t 



(1) 




—u(t,x) = Lu(t,x) 



lim u(t, x) — f{x). 
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and its heat kernel to allow one to make rigorous the implication 

Lf = => e tL f = f. 



Theorem 13.51 is then applied to two examples of particular interest. 

For the remainder of the introduction, we summarize the results of the two 
examples found in Sections 13.21 and 13.31 For our first example, let M denote a 
complete Ricmannian manifold with volume measure V. It is known that the heat 
kernel measures corresponding to L = ^A, where A denotes the Laplace-Beltrami 

operator, are absolutely continuous with respect to V. The density fi t (x, y) — ^g^j 
is in C°°(M x M) for all t > (sec, for example, Theorem 7.20 of [25]). In this 
case, Eq. (TTJ) can be written 

(2) ( e * A / 2 /)(x)= f f(y)^(x,y)V(dy). 

jm 

Theorem 1.2. Let M denote a complete Riemannian manifold with Ric(M) > 
—K for some K > and fix o € M . 

(V If f € I> (M-iV^t) * s harmonic then for all < t < T and all x £ M, we 
have 



(3) / f(v)lH(x,y)V(dy) = f(x), 

where the integral on the left-hand side of (0) is absolutely convergent. 
Thus, in the notation of Eq. fiEj), we have 

(e tA ^ 2 f)(x) = f(x) 

for all x € M. If in addition, f e L P (M, for some p > 1, then 

(e™/ 2 f)(x) = f(x) 

for all x € M. 

(2) If f G L (M, 11^) is C 2 , real-valued, and subharmonic, then for all < 
t < T and all x € M, we have 

(4) / f(y)» t (x,y)V(dy)>f(x), 



JM 

where the integral on the left-hand side of is absolutely convergent. 
Thus, in the notation of Eq. (0), we have 

e tA/2 f(x) > f{x) 

for all x S M. If, in addition, f G L P (M, (i^) for some p > 1, then 

(e TA ' 2 f)(x) > f(x) 

for all x E M. 

Note that both statements are obvious at a formal level. After all, if we could 
differentiate under the integral sign and integrate by parts (neither of which is 
obvious), we would get 



^/ f{y)iM(x,y)V(dy) = \ f {Af)(y)^ t (x,y)V{dy). 

M L JM 



(II 



If we could justify this assertion, then in the harmonic case we would have that 
(e tA / 2 /)(ir) is independent of t, whereas in the subharmonic case we would have 
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that (e' A / 2 f)(x) increases with t. In both cases, we expect that (e tA / 2 f)(x) tends 
to f(x) as t — > 0, which would establish <j3j) and (jlj. 

However, since functions in L 1 (M, Hj>) can grow very rapidly at infinity (roughly 
like exp (d(x, o) 2 /2T)), it is not a simple matter to justify differentiating under the 
integral sign or integrating by parts. Although it is possible to use bounds on the 
heat kernel and its derivatives to justify these steps, we will instead use a prob- 
abilistic argument — which will, of course, still require some heat kernel bounds. 
However, much of our argument is applicable to settings beyond this well-studied 
case. 

Remark 1.3. It should be noted that Proposition 1.8 of Driver & Gordina 
[16] proves item (1) of Theorem ll.2l in the case where M is a unimodular Lie group 
with a left-invariant Riemannian metric. Indeed, this present work can be viewed 
in part as a generalization of their results. In Corollary 11.51 below . we also employ 
their technique of obtaining pointwise bounds on harmonic functions. We also note 
that Lemma 5.2 of Driver & Gross |18j also gives item (1) when / is a holomorphic 
function on a complex Lie group. 

If / is harmonic or C 2 and subharmonic, and if / G L p (M,fi^), then Theorem 
IT21 indicates that |/| < |e (T ~* )A/2 /| whenever < t < T. An application of 
Theorem 11.11 immediately gives 

(5) ll/IU^X) < He (T ~ t)A/2 /llL P (M X ) < ||/|U,(M,^). 

In Theorem 3.1 of Bakry, Bolley, & Gentil pQ, it is shown that for < t < T and 

p> 1, 

||e (T- t )A/2 /||L?(M ^ ) < ||/||ip(M ^ ) 

where q is given by Eq. ([JJ below. Thus, we arrive at the following corollary. 

Corollary 1.4. Suppose f € L P (M, fij,) for some 1 < p < oo. Iff is harmonic 
or C 2 , non-negative, and subharmonic, then 

(6) ll/lliP(M,/ij) - II/IIlp(m,^°) - II/ILp(m,/4) 

for all0<s <t< T. 

In addition if p > 1, using the results of pQ, we also obtain that for all < t < 

T, 

II./1Il9(M,^°) — ll/lliP(M,/i° ) ) 

where q is given by 

1 - e~ KT 

(7) ff = 1 + (p-i)izi=i«- 

Using a Harnack inequality, one can show that for any < t < T, there is a 
constant ct : r such that for all x € M 

Such an estimate holds because Ht(x, o) tends to zero at infinity more rapidly than 
Ht(x,o). Thus, for any /, not necessarily harmonic or subharmonic, we have 

( 8 ) ll/llz,f(A/,p°) ^ c t,T \\f\\ L P(M 4 L° T ) ■ 

Nevertheless, the constants Ct,T are certainly not dimension independent, and they 
can even become large for a fixed M. 
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In infinite-dimensional examples where heat kernel measures have been con- 
structed, it is typically the case that [i° and fi° are mutually singular whenever 
s 7^ t. In such a setting, there cannot be any inequality like ([5]) for general func- 
tions. Nevertheless, since there are no constants in (|6]) depending on the dimension 
(or anything else), we may hope that this equality continues to hold in the infinite- 
dimensional case, provided we can give the result a suitable interpretation. We 
discuss the potential infinite-dimensional applications of our results in Appendix 
A. 

Corollary 11.41 also allows us to obtain pointwise bounds on harmonic and non- 
negative subharmonic functions on a complete Riemannian manifold with Ricci 
curvature bounded from below using an integrated version of Wang's Harnack in- 
equality 40,41 , as derived by Driver & Gordina (Appendix D of pJ3]). Specifically, 
it is shown in j!6j . that when Ric > —K, K > 0, and / £ L P (M,^), one has 
pointwise bounds on \e tA ' 2 f(x)\ of the form of the right hand side of Eqs. (fTTj) 
or (fT0|) below. When / is harmonic or C 2 non-negative and subharmonic, it is a 
simple matter to replace |e tA / 2 /(x)| by |/(a;)| using Theorem 11.21 and arrive at the 
following corollary. It should be noted that Driver & Gordina have essentially this 
result in Corollary 1.9 of [16j in the case where M is a unimodular Lie group with 
a left-invariant Riemannian metric. 

Corollary 1.5. Suppose M is a complete Riemannian manifold with Ric > 
—K for some K > 0. Suppose f belongs to L p (M,/i^), with 1 < p < oo, and that 
f is harmonic or C 2 and non-negative subharmonic. Then we have the pointwise 
bounds 

(9) \m\ < \\fh WT) ^P ( 2 (f- e -*V (a: ' Q) ) 
when K > 0, and 

(10) \f{x)\ < \\f\\ LWT) exp(^^d 2 (x, )) 
when K = 0. 

For our second example, we consider M — G, a finite dimensional Lie group. 
Suppose {Yi, Y 2 , Yd} C g = Lie(G) satisfy Hormander's condition (see Section 
13.31 for details). Let L denote the left-invariant operator 

1 \ - ~2 

k=l 

where Y denotes the left- invariant extension of Y E g. Note that L is symmetric 
with respect to a right- invariant Haar measure A. The following theorem is an 
application of Theorem 13.51 with details found in Section 13.31 below. 

Theorem 1.6. Suppose f € L P (G, //^) for some 1 < p < oo and Lf = 0. Then 
for all < t < T we have 

e tL f = f 

and for < s < t < T, 
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In certain cases, the Lie group G and the operator L will satisfy a generalized 
curvature-dimension inequality. With the above setup in mind, G is said to sat- 
isfy the generalized curvature-dimension inequality CD(p\, p 2 , k, d) if there exist 
constants p\ G M, p 2 > 0, n > 0, and d > 1 such that 

r 2 (/, /) + vYi{f, /) > -{Lff + ( Pl - -)r(/, /) + P2 r z (f, f) 

d v 
for all v > and / e C°°(G), where 

d 

r(/, 5 ) = ^(y i /)(y i5 ), 

i=l 

r 2 (/,/) = i(Lr(/,/)-2r(/,L/)), 

T z (f,g) is a first-order differential bilinear form involving differentiation in the 
'vertical' directions and satisfying certain assumptions (see Section 1 of [5] for 
more details), and 

T z {f 1 g)= l -(LT z {fJ)-2T z {f 1 Lf)). 

Curvature-dimension inequalities apply in very general subriemannian settings, 
however, we will only use the application to the Lie group setting described above. 
It is shown in Section 2 of [5] that the 3-dimensional Lie groups SU(2), H 1 (the 
Heisenberg group), and SX(2,R), endowed with natural subriemannian structures, 
satisfy the generalized curvature dimension inequality CD(pi, i, 1, 2) for pi = 1, 0, 
and —1 respectively. Note that if G satisfies the generalized curvature-dimension 
inequality CD{pi, p 2 , k, d) for d < oo, then it will also satisfy the generalized 
curvature-dimension inequality CD(pi, p 2 , n, oo). 

The notion of a generalized curvature-dimension inequality was introduced by 
Baudoin & Garofalo in [5] , and such inequalities have been shown to imply a wide 
variety of heat kernel estimates (see [3 5 ). Of particular relevance is the existence 
of a dimension-independent Harnack inequality of the type first considered by Wang 
and described above (see Proposition 3.4 of [3]). 

Corollary 1.7. Suppose G satisfies the generalized curvature- dimension in- 
equality CD(pi, p 2 , n, oo) for some p± S R, p 2 > 0, and n > 0. Suppose f belongs to 
L p (G,Pt)i with 1 < p < oo, and that Lf = 0. Then we have the pointwise bounds 

(11) < \\f\\ LWT) exp ( ^ + ^+ 2Plt d\ X ,o) 

where = max(— pi,0). 

2. A general contractivity result 

Let {X, SI) and (Y, S) be measurable spaces and v\ a finite measure on X. 
Suppose that {p x } x€ x is a family of probability measures on (Y, S) depending 
measurably on x € X, i.e. for all E € S the function x — > p x {E) is Jl-measurable. 
Such a collection of measures is known as a Markov kernel. Further information 
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on Markov kernels can be found in Chapter VIII of [2]. Let V2 be the measure on 
(Y, 3) defined by 

(12) v 2 {E) := / n x (E)v\{dx). 

Jx 

Then V2 is also a finite measure, with ^(Y) = v\{X). The main result of this 
section is the following theorem. 

Theorem 2.1. For any 1 < p < oo, the map A given by 

(13) (Af)(x) = / f(yh x (dy) 



Jy 

is a well-defined map from I/ p (Y,i/ 2 ) into the space of equivalence classes of V\- 
almost everywhere equal functions on X . This means that given an equivalence 
class in L P {Y, u^), the integral in US\) converges for v^-almost every x, and that the 
value of the integral is independent of the choice of representative, up to a set of 
V\-measure zero. Furthermore, 

(14) / \{Af)(x)\ p v 1 (dx) < f \f(y)\ p v2(dy) 
Jx Jx 

for 1 < p < oo and 

(15) ess sup xeX \Af{x)\ < ess sup yeY \f(y)\. 

Thus, A is a contraction of L P {Y,V2) into L p (X,Vi). 

Remark 2.2. The measures p, x do not in general have to be absolutely con- 
tinuous with respect to v-z- It is even possible for p, x to be singular with respect to 
V2 for every x in X. Thus, for a fixed x, two functions equal z/2-almost everywhere 
may not be equal /i^-almost everywhere. As a result, for a fixed x, the integral in 
(|13|) may not be independent of the choice of representative. However, if f\ and 
/2 are equal 1/2-almost everywhere, then J Y fi{y)^ x (dy) agrees with J Y f2(y) p. x (dy) 
for v\-almost every x. 

Remark 2.3. In the event that there exists a reference measure A on (Y, 3) 
and a jointly measureable non-negative density m on X x Y such that 

p, x {E) = / m(x,y)X(dy), 

J E 

for all E 6 3, then x — > p x {E) is J7-measurable for all E € 3 by Tonelli's Theorem. 
In this case, Theorem 12.11 is simply an application of the Fubini-Tonelli Theorem 
and Jensen's inequality. 

Proof. We first focus on the case 1 < p < 00. Let Ex,E2,.-.,E k e 3 with 
^i =1 Ei =yandAi,A 2 ,...,A fc el. If / is the simple function f(y) = £) i=1 \il Ei (y), 
then (Af)(x) — J2i=i XipL x (Ei) is measurable by our assumption on the collection 
of measures {/i x } xe x- When 1 < p < 00, Jensen's inequality then gives 



Uf){x)\ p = 



<£|Ai|V(i5i)- 



i=l 
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It follows that 

\{Af)(x)\^(dx) < ]T \M P I H x {Ei)vi{dx) 
i=i Jx 

k 

\f(y)\ p v2(dy). 

Next suppose that / is a measurable function on Y with values in [0, +00] with 
the property that 

J^f(y) p v 2 (dy) < +co 

for some 1 < p < 00. Note that we not taking / to be an equivalence class of func- 
tions, but rather an actual everywhere-defined function. Let {f n }%Li be a sequence 
of non- negative simple functions which increase monotonically to / everywhere. 
Note that {Af n }^ =1 is a monotone sequence of non-negative measurable functions 
on X. By monotone convergence, for any x € X, (Af)(x) = lim n ^. 00 (Af n )(x). So 
Af is measurable since it is the pointwise limit of measurable functions. Now again 
using monotone convergence, 

/ (Af(x)y Vl {dx) = [ (lim (Af n (x))A Vl (dx) 
Jx Jx ' 

= lim / (Af n )(x) p ^(dx) 
Jx 

< lim f f n (y) p Mdy) 
fivTMdy) 



lY 
< +OO. 



In particular, Af(x) is finite for ui-a.e. x e X. 

Suppose now that / is a complex- valued function on Y of the form / = f x +if y , 
where f x and f y are R- valued and measurable, with the property that 

(16) J^\f(y)\ p v 2 (dy)<+^. 

The function |/| = f x + fy is measurable, and so by applying the above argument 
to l/l , we see that A|/|(a;) < 00 for i/i-almost every x. Thus, Af(x) is well defined 
(absolutely convergent) for j^-almost every x. Furthermore, if {f n }^Li are simple 
functions on Y such that f n (y) — > f(y) and \f n (y)\ < \f{y)\ for all y, then by the 
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above and monotone convergence 



/ \(Af){x)\*v 1 (dx)< [ \(A\f\)(x)\ P Mdx) 



Jx Jx 




( lim (A\f n \)(x)Y u x (dx) 

\n— too / 



= lim / (A\f n \) p (x)vi(dx) 



Jx 




Thus, we have shown that for any function / satisfying (fTS)) . (Af)(x) defined by 
Eq. (|T5)) is convergent for vi-a,.e. x £ X and the inequality (ITU) holds. 

Finally, suppose / is a complex- valued measurable function on Y such that 



Let e > 0, and set E = {\f \ > M + e). Then v 2 {E) = 0, which, by Eq. (|T2j). 
implies that the function x — > n x (E) is equal to zero z^i-a.e. Let F — {fi x (E) ^ 0} 
(so that V\{F) = 0). If for some x £ X, 



then there must exist a set A x C Y such that |/| > M + e on A x and /i x (A x ) > 0. 
This implies that x £ F, and so 



In particular, Af(x) is finite for ^i-a.e. x £ X . 

We see, then, that we have a well-defined map A taking a function /onY satis- 
fying (|I6p or (|I8[) and producing a function j4/ on X defined z^i-almost everywhere 
and given by 



The space of functions satisfying (|I6I) or (IT51) is a vector space and the map A 
is easily seen to be linear. Furthermore, if f(y) = for ^-almost every y, then 
by (ff7|) or ([T9| . we see that (Af)(x) will be zero for i^i-almost every x. Thus, if 
fi(y) — h{y) for 1^2-almost every y, then (Afi)(x) — (A/ 2 )(x) for i/i-almost every 
x. Thus, we may interpret A as a map from L P (Y, v^) to v\) 1 where as usual 

the elements of LP are equivalence classes of functions equal almost everywhere. 



For our purposes, the most useful application of the theorem above occurs in 
the following setting. We are given a measurable space (X, f2) and a semigroup 
of probability measures p(s, t, x, •) on 1. We may think of these measures as the 
transition probabilities of an X-valued Markov process, i.e. p(s, t, x, E) represents 
the probability that the process will belong to E at time t, given that it is at the 



(18) 



ess sup y£ Y \f(y)\ = M < °°- 




v x {{\Af\>M + e}) = 0. 
Therefore, ess sup xeX \Af(x)\ < M + e. Since e was arbitrary, 
(19) ess sup xeX \Af{x)\ < ess sup yeY \f(y)\. 




□ 
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point x at time s. The semigroup property means that for any set E £ ft and 
r < s < t we have 




p(r, s, y, dx)p(s, t, x, E) = p(r, t, y, E). 



We now choose a basepoint o £ X, a "basetime" to, and two other times s and 
t with to < s < t. We can construct an example of the preceding framework as 
follows. Set Y = X, v\ (•) =p(to,s, o, •), and 

The Markov property implies that 

(20) / H X (E) Vi(dx) = / p(s,t,x,E)p(t ,s,o,dx) — p(t ,t,o,E), 

Jx Jx 

and so u 2 {-) = p(t ,t, o, ■). 

In order to apply Theorem 12.11 is it necessary to show that x —> fi x (E) is 
fi-measurable for any E G H. As Remark 12.31 indicates, this is obvious when the 
collection of measures {^ x } x ex has a density with respect to a fixed reference 
measure A. For example, if X = Y is a normed vector space and A is a finite 
measure on (X,B(X)), then 

x^ J l E (x + y)X(dy) 

is measurable. Hence the collection of measures {^i x } x ^x, where 

>f{E)= J l E (x + y)X(dy), 

satisfies the hypotheses of Theorem 12.11 In this case, the measure v 2 defined by 
Eq. (fT2l is the convolution of A and v\ . 

The first specific example is the context of Section 3. The second example 
can be thought of an infinite dimensional example of the first and underscores the 
comments of Remark 12.21 

Example 2.4. Let {X t }t>o denote a continuous-time Markov process on a 
smooth manifold M. Fix t > and let {/j, x } X £m denote the collection of heat 
kernel measures on M . Suppose that x — » H X (E) is measureable for all E £ B(M). 
Remark \2.3\ indicates that this will be the case when the heat kernel measures are 
absolutely continuous with respect to a fixed reference measure, for example. Now 
set X = Y = M and consider v\ = n^-t f or some < t < T and fixed o £ M. 
Then by the Markov property indicates 

v 2 {E)= f rt(E)&_ t (dx)=&(E), 
Jm 

i.e. i>2 — ix^p. By Theorem \2.1\ the map 

(Af)(x) = f f(y)u?(dy) 
Jm 

is a contraction from L P (M, fj,^) to L P {M, /j,j,_ t ). 
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Example 2.5. For any t > 0, let (W,H,fit) denote an abstract Wiener space 
where [it is a Gaussian measure with variance t. We can define the collection of 
measures {[J-t}t>o on B(W) by their characteristic functionals: for all u € W* , 

fit{u)~ [ e iu ^/ M (dw)=e-^ u ' u \ 
Jw 

where (•, ■) is an inner product on W* . Note that for any s, t > 0, fi s * [it = [i s +t- 
Set X = Y = W and Q = 5 = B{W). Fix two times < t < T and set 
v\ = [iT~t and 

» X (E) = / l E {x + y)[it(dy) 
Jw 

for any E € B{W) and x G W . Then [x x is measurable in x and V2 = [J,T-t*IM = Mt- 
It follows that for any f € L P (W, [It), the function 

x -> (Af)(x) = / f{x + y)[h{dy), 
Jw 

is defined for [iT^t-a.e. x € W and is in L P (W, [ir-t)- 

If fi and /2 are both representatives of the same L p (W,[it) equivalence class, 
then the Cameron- Martin Theorem states that (Afi)(x) = (A/2) (x) for all x G H . 
If, on the other hand, f\ and fi are both representatives of the same L P (W, [It) 
equivalence class, then Theorem \2.1\ indicates that (Afi)(x) = {Af2){x) for [ir~t~ 
almost every x £ W . 

The setup and hypotheses of Theorem 1 2. II are general enough to apply to many 
examples beyond the semigroups of probability measures described above. For 
other examples of Markov kernels, see [2] . 

3. Harmonic and Subharmonic Functions 

When X = Y in Theorem 12. 1[ the operator A is a map between functions 
defined on the same space. In this case, it is possible for A to fix some class 
of functions. If / is a function on X such that J x \f(y)\ p V2(dy) < 00 for some 
1 < p < 00 and if Af = f j^i-a.s., then Theorem 1 2 . 1 1 immediately gives 

(21) = \\Af\\ LHX , Ul) < ||/|U*(x,„ 2) - 

When A belongs to a semigroup of operators, A = e tL for some t > and some 
operator L, it is reasonable to expect that a function / in the domain of L satisfies 
Eq. (j2T|) if it is L-harmonic (Lf = 0). The subject of the following subsection is 
to prove this statement under some additional assumptions when the operator L 
is the generator of a diffusion. We then show that these conditions are satisfied in 
two examples: L = ^A, the Laplace-Beltrami operator on a Riemannian manifold 
with Ricci curvature bounded from below, and L a subelliptic invariant operator 
on a Lie group satisfying Hormander's condition. 

3.1. Diffusion Processes. Throughout this section, we will assume that M 
is a smooth manifold and X = {X t } t >o an M-valued diffusion with infinitesimal 
generator L defined on the filtered probability space (fi, -P, Tt). This means that 
{X t }t>o is a time-homogeneous strong Markov process with continuous sample 
paths such that for any / € C 2 (M), 

(22) M[ := f(X t ) - f{Lf){X s )ds 

Jo 
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is a local martingale for t < e(X), where e denotes the explosion time. We will 
assume that e(X) = oo a.s., i.e. M is stochastically complete. Let } x ^m denote 
the transition probabilities of this process, Ht(E) = P x (X t £ E), where P x denotes 
the probability with respect to the initial distribution Xq = x almost surely (this 
process will be denoted {Xf } t > when necessary). Similarly we will use K x [f(X t )] 
to denote expectation of f(X t ), where Xo = x almost surely; more generally, x can 
be replaced by any initial distribution. As before, we define the heat operator 

(e tL f)(x) := / f(y)tf(dy)=E x [f(X t )}. 

J M 

As shown in Example 12.41 e tL is a contraction from L P (M, /z^) to L P (M, /U^_ t ) for 
any o £ M , 1 < p < oo and < t < T. 

A function / £ C 2 (M) is L-harmonic if Lf = and is L-subharmonic if Lf > 0. 
If L is hypoelliptic (as will be the case in the two examples that follow), then a 
function that is L-harmonic in the distributional sense will automatically be smooth; 
however, the same cannot be said of an L-subharmonic function. Eq. (|22j) implies 
that {/(Xf)}t>o is a local martingale for all x £ M if / is C 2 and L-harmonic, 
while {f(Xt)} t >o is a local submartingale if / is C 2 and L-subharmonic. 

In the sequel we will be careful to make a distinction between a function / G 
C 2 (M) which is L-harmonic or L-subharmonic / and satisfies the integrability 
condition 

/ \f(y)\ p »° T (dy) < oo 

J M 

and its L p (M,fj,^) equivalence class. We will say / € L p (M,p,j.) i s C 2 an d L- 
harmonic (or L-subharmonic) if there exists a C 2 L-harmonic (L-subharmonic) 
representative in L P (M, fij.). 

Let d : M x M — > K + denote a metric on M such that closed balls 

B(x,r) = {y€M\d{x,y) < r} 

are compact. Let TB< Xt r) denote the first exit time of X from B(x,r). Note that 
since M is stochastically complete, P x {tb( x , t ) < t) —> as r —> oo for any x £ M 
and t > 0. 

Definition 3.1. A process {X t }t>o is uniformly local with parameter S > if 
there exists t, e > such that for all x G M , 

(23) P x (d(x,X s ) <6)>e 

whenever < s < t. 

Example 3.2. Suppose {X t }t>o * s a left (right) '-invariant strong Markov process 
on a Lie group M endowed with left(right) -invariant metric d. Then if P {d(o, X s ) < 
5) > e for one particular o £ M , then P x (d{x, X s ) < S) > e for all x £ M . In other 
words, {X t }t>o is uniformly local with parameter 6 if Eq. h23\) is satisfied at any 
one point. 

Example 3.3. Suppose {X t } t >o is a Brownian motion on a Riemannian man- 
ifold of dimension n with Ric(Af) > —K for some K > 0. Let d denote the 
Riemannian distance. Roughly speaking, a lower bound on the Ricci curvature of 
M gives an upper bound on the rate of escape of Brownian motion. One precise 
formulation of this idea is Theorem 3. 6. 1 of Hsu [29] : 
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Theorem 3.4. Suppose L > 1 and M is a Riemannian manifold of dimension 
n with Ric(z) > —L 2 for all z <G B(x, 1). Then there exists a constant C depending 
only on n such that 

PAr B ( x ,i)<j)<e- L/2 . 

We can assume, without loss of generality, that K > 1 . In which case, if we 
set t = -y=, then for s < t we have 

P x {d{X s ,x) < 1) > P x (t B ( x .i) >s)> P x (t B ( x ,i) >t)> l-e-^' 2 . 

It follows that {X t } t >o is uniformly local with S = 1. 

Clearly, if <5 X < 6 2 , then a uniformly local processes with parameter Si is also 
a uniformly local process with parameter <5 2 . Furthermore, if the process possesses 
a scaling property then the choice of S is particularly arbitrary. For example, if 
{B t }t>o is standard Brownian motion on R and P X (\B S \ < 8) > e when s <t, then 
Brownian scaling indicates that whenever s < o?t for some < a < 1, 

P X (\B.\ < aS) - P x (\-B s \ <5) = P x (\B s/a 2\ < 5) > e. 
a 

This implies that {B t }t>o is uniformly local with any parameter 6 > 0. As this 
discussion indicates, one often has a choice as to what parameter S to assign to a 
uniformly local process, however, the value of 6 matters in the application of the 
following theorem, which is the primary result of this section. 

Theorem 3.5. Suppose {X t }t>o is uniformly local with parameter 5 > and 
f e C 2 (M) such that the following conditions are satisfied for some t ,T > and 
all x E M: 



(A) f \f(y)\tf(dy) <oo for all <t<T. 

JM 



(B) For any t < to, 



lim ( sup \f(y)\\P x (n-5<d(X t ,x)<n + 6) = 0. 



n— >oo 



Then the following statements hold: 

(1 ) If Lf = 0, then for all < t < T 

e tL f = f- 

(2) If Lf > 0, then for all < t < T 

e tL f > /• 

(3) If Lf — 0, or if Lf > and f > 0, and for some 1 < p < oo and o € M 

I \f(y)\ p n° T (dy)<™, 

JM 

then for any < s < t < T 

[ \f{yWn°{dy) < I \f(y)\ p rf(dy) < f \f{y)\^° T {dy). 

JM JM JM 
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In the applications of Theorem 13.51 that follow, condition (A) will follow from 
a suitable Harnack inequality, while condition (B) will follow from estimates of the 
supremum of / over balls in terms of the L P (M, jj,^) norm of / and suitable upper 
and lower bounds on the heat kernel in terms of the distance function. The proof of 
the above theorem appears at the end of this section and uses the following results. 

Proposition 3.6. Suppose f e C 2 (M) such that 

I \f(y)\>Udy) <oo 

J M 

for some fixed x G M , 1 < p < oo and t > 0, and suppose there exists a C < oo 
such that for all positive integers n, 

I sup \f(y)\ ) P x (t b(x ,„) <t) <C. 

\y£B(x,n) J 

Then E x [f(X t )} = (e tL f)(x) = f(x) if f if Lf = while E x [f(X t )] = (e tL f)(x) > 
f(x) ifLf>0. 

Proof. Since / G C 2 (M), it is continuous and hence bounded on B(x,n). 
Eq. implies that {f(X^)} t >Q is a local (sub)martingale when Lf = (>)0, 

i.e. there exists an increasing sequence of stopping times {o~ m } m >i such that 
{/(Xf ACTm )} t > is a (sub)martingale for all m. In addition, {f{Xf A(TmATB ^ n) )} t >o 
is a (sub)martingale for all n and f(Xf ArJmATB ^ ) converges a.s. and boundedly 
to f(X£ ATg ) for any hxed Usm-> oo. It follows that 

E x [/(X tATB(!Din) )|7;] = lim E x [/(X tAamATB( ^ n) )|jr s ] 
= (>) km f(X sAamAr ) 

m— >oo ^ ' ' 

= /(-^sAt b(i ,„)) 

where the first equality follows by the Dominated Convergence Theorem for con- 
ditional expectation and the second (in)equality is the (sub)martingale property 
of {f(X tA(TmATB ^ n) )} t >o- Therefore, the process {f(Xf ATB ^ n) )} t > is a bounded 
(sub) martingale when / is L-(sub)harmonic. In particular, 

E*l/(*tAra ( „ >B ,)] = (>)E* [f(X°)} = fix) 

for all t > and all n. The remainder of the argument amounts to showing that 
lim„_j. 00 ¥, x [f(Xt ATB ^ „))] = E x [f(X t )] and is independent of whether the function 
/ is L-harmonic or L-subharmonic. 

Note that if t = 0, then the conclusion of the theorem follows immediately, 
and so we will assume t is a fixed positive number. Consider the sequence of ran- 
dom variables, now indexed by the positive integers, {/(Jf^ J}n>o- Clearly, 
E x [|/(X tATB , )\] < oo for all n since / is bounded on B(x.n). Also, since 
Px{T B (x,n) < t) -> as n -t oo, we have /(^ t x A T B(a!in) ) fi x t) in probability. 
Note that 

Ex[l/(^tAr fl( ., n ,)|] = E*[|/(^t)|l{*<r B( ., B) }] + Ex[|/(^r fl( . in) )|l{r B( ., n) <t}] 

< E x [\f(X t )\] + I sup |/(y)| ] P x {T B(x , n) < t). 

\y£B(x,n) I 
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Our assumption therefore guarantees that {f{X^ hT n) )}n>o is bounded in L X {P). 
This, along with the fact that f{Xf A x ) — » f{Xf) in probability, implies that 
f{X^ TB{x J -+ f{Xf) in L\P). Hence?" 

E x [f(X t )\ = lim E x [f(X tATB(Xin) )\ = f(x). 

□ 

Proposition 3.7. Suppose f is a measurable function on M and suppose that 
there exists < t < T such that for all x € M 

(1) J M \m\tf(dy) < ex) for allO <r<T 

(2) (e sL f)(x) = f(x) for allO<s<t. 

Then {e sL f)(x) = f(x) for all x € M and < s < T . Similarly, if (2) is replaced 
by (e sL f)(x) > f(x), then (e sL f)(x) > f(x) for all x e M and < s < T . 

Proof. If t < s < 2t A T, then s/2 < t and (1) implies the use of Fubini's 
Theorem is justified in second line of the computation 

(e sL /)(x) = / f(y) ( I nl /2 {dy)n* /2 {dz)) 

JM \JM / 

= f M ^{dz) (J M f(y)n z s/2 (dyfj 
= f f{z)vf a/2 (dz) 

JM 

= f(x). 

The first equality follows from the Markov property, while assumption (2) implies 
the last two equalities. This establishes that (e sL f)(x) = f(x) for all < s < 2tAT, 
and repeating this process as needed yields the first result for < s < T . The second 
result is obtained by changing the last two equalities into inequalities. □ 

Lemma 3.8. Let D,E c M denote a closed sets such that 

P v (X t eE)=E v [l E {X t )] >e 

for all y e D and < t < T. If r denotes the first hitting time of D and r < oo 
a.s., then for all x G M and all <t <T, 

E x [l E (X t )\F T ] >el {T < t} P-a.s. 

Proof. We first prove the above result with 1e replaced by a non-negative 
bounded continuous function. To that end, suppose g : M — > K is a non-negative 
bounded continuous function such that E y [g(X t )] > e for all y E D and < t < T. 
It follows that E„[g(X t )} > e for any initial distribution v supported in D; in 
particular Ex* [g(X t )} > e for any x e M. 

Set a = t — t. Observe that < o < t on {r < t} and 

E x \g(X t )\T T ] >E x [l {r < t} g{X t )\T T ] =E x [l {T < t} g{X T+ „)\T T ]. 

For a positive integer n, let D n denote the dyadic approximation on K given by 
D n (t) = ^ when ^ < t < £) n is right-continuous and measurable, and 

lim^oo D n (t) = t for all t. Consider the random variables a n := D n o a. Note that 
a n -4- g almost surely and for any k, 

r k , k -\- \ r k -\- 1 k , 

{^n = t^} = {tt- <o- < — — } = {t < T < t - —} e T T . 

L " 2™ 2™ — 2™ 2™ — 2™ 
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On {t < t}, On takes on only the finitely many positive values {0, Jr, — , jpr}- 
It follows that 

l{T<t}g{X T +* n ) = l{r<t} l {<y n = ^}9( X r + ^r) J 

for all n. Now using the Jv-measurability of {r < t} and {a n = ^-} and the strong 
Markov property, we see 

E x [l {T < t} g(X T+an )\F T ] = l {T < t} fel {CT „=^ } E.b(X T+ ^)|Jv] J 

\fc=0 / 

> el{r<t}- 

Since g is continuous, g(X^ +a .^) — > g(Xt) a.s. Since 5 is bounded, the Dominated 
Convergence Theorem for conditional expectation gives 

E x [g(X t )\F T ] > E x [l {T<ty g(X t )\F T ] = lim E x [l {T<t} g(X T+an )\F T } > el {r<t} . 

71 — too 

We now construct a sequence of bounded continuous functions {<? ra } which de- 
crease everywhere to 1 E - Since for each n, g n > 1 E , it follows that E x [g n (X s )} > 
Ea;[l£;(X s )] > e. The above argument implies that E ;c [(7 n (X t )|J : " r ] > el{ T < t } P- 
a.s. for each n. The desired result now follows by again applying the Dominated 
Convergence Theorem for conditional expectation. □ 



PROOF of Theorem 13.51 Fix x S M and n > 0. For notational simplicity, 
we will set r = T B ^ x ^ n y Set E = {y £ M\n — S < d(x, y) < n + 5} so that 

P x (n-S< d(x,X t ) <n + 6)=E x [l E {X t )]. 

Since {X t }t>o is uniformly 5-local, there exists a ti, e > such that P v [X t S E] — 
E y [lE(X t )} > e for all y 6 dB(x,n) whenever t<t\. Lemma then implies that 
E a; [l£;(X t )|J : V] > el{ r <t} a.s. whenever t < t\. It follows that 

E x [l E (X t )} = E x [E[l E {X t )\F T }} > eP x (t < t), 

giving 

P x (t <t)< e~ l P x {n-5 < d(x,X t ) <n + 6) 

for t <ti. 

Now for any t < t\ A to A T, by assumption (B) of Theorem 13.51 we have 
( sup \f(y)\)P x (T<t)<-[ sup \f(y)\)P x (n-S<d(x,y)<n + 5) 

\y£B(x,ri) ) £ \y£B(x,n) J 

which tends to as n — > 00. Therefore, by Proposition 13.61 (e tL f)(x) — f(x) for 
all t < ii A t A T if L/ = 0, while (e tL f){x) = f(x) for all i < t x A t A T if 
Lf > 0. This t is independent of x, so Proposition 13.71 gives that e tL f — f for all 
< t < T when Lf = 0, while e tL f > f for all < t < T when Lf > 0. This 
proves statements (1) and (2). Statement (3) follows from these statements and 
Theorem [O Specifically, if < s < t < T and Lf = 0, then 



(24) / \f(v)\*ti(dy) = / \(e^ L f)(yWu*(dy) < / \f{y)\ p H x t {dy) 

JM JM JM 
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and 

(25) f \f(y)ftf(dy) = [ \(e^ L f)(y)\^-(dy) < [ \f(y)\ p ^ x T (dy), 
Jm Jm Jm 

where the first equalities in Eq. ([24)) and Eq. (|25[) follow from (1) and the second 
equalities from Theorem O If Lf > and / > 0, then \ f(y)\ < \(e sL f)(y)\ by (2) 
and first equalities on Eq. (|24|) and Eq. ([25]) are replaced by inequalities. □ 



3.2. The Laplace Beltrami on Riemannian Manifolds with Ricci Cur- 
vature Bounded from Below. Let M denote a Riemannian manifold of dimen- 
sion D > 1 with Ricci curvature bounded from below, i.e. there exits a K > 
such that Ric > —K. Some necessary estimates will be phrased in terms of the 
non- negative quantity k = fTyz/n • Let ^ denote the Riemannian distance and V the 
Riemannian volume measure. Let {X t }t>o denote a Brownian motion on M with 
generator |A, where A denotes the Laplace-Beltrami operator. The transition 
probabilities /if are absolutely continuous with respect to the Riemannian volume 
measure; the density is the heat kernel fit(x,y) :— i/^y- It is well known that 
such a manifold is stochastically complete. Example 13.31 indicates that {X t }t>o is 
uniformly local with parameter 5 = 1. 

Let / G C 2 (M) such that A/ > and 



E [\f(X T )H = / \f(y)\ P Mo,y)V(dy) < oo 
Jm 

for some fixed o G M. In this subsection, we will show that the conditions (A) and 
(B) of Theorem 13.51 apply to such an /, which, along with an addition argument 
involving the special case p > 1, amounts to a proof of Theorem II .21 

Remark 3.9. Many of our references for estimates on the heat kernel consider 
the heat equation = Am, which differs by a factor of | from our heat equation. 
As a result, the estimates below differ from the statements in the references by this 
factor. 

We begin by recalling the Li-Yau Harnack inequality as stated in Theorem 
5.3.5 of Davies |llj with a — 2 applied to the function u(t, •) = m(-,y): for any 
< t < T and x, z G M, 

n<- < W < J T Y <^' 2 ) 2 ■ ®K{T - 1) 
< Ht{x, y) < ht(z, y) - exp 



t J V T — t 



This implies that the function y — > ^^'^ is bounded for any x, z G M. It follows 
that for any x G M and < t < T, 

\f(y)\^(x, y )V(dy)= I \f( y )\pfl^-yl)^ T (o,y)V(dy) 
m Jm \VT{o,y)J 

<C(x) [ \f(y)\ p n t (x, y )V(dy) 
Jm 

< oo. 

Therefore condition (A) of Theorem 13.51 is satisfied for < t < T. When t = 0, 
condition (A) is satisfied as well since / is everywhere finite. 

To see that condition (B) of Theorem [33] is satisfied, we begin with an inequal- 
ity from Theorem 2.1 of Li & Schoen [32]. Let V(x,r) denotes the volume of the 
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geodesic ball of radius r centered at x <E M. There exist constants a and C which 
depend on k but not x such that for any non-negative subharmonic function / 

sup Ifiy^KCe^Vix^r)- 1 [ \f{y)\V{dy). 

y£B(x,r) JB(x.1r) 

We modify this inequality to the following: for any positive integer n 

sup \f(y)\ <Ce an V{x,2n)- x f \f '( S )|^V \dy) 

VT{x,y) 

^ w 9 ^ C f T^T / \f(y)W(x,yMdy) 

(x.2n) 

fi an 

V{x, 2) (inf yeB(a;j 2 n ) ht{x, y) ) 



The lower bounds of Davies and Mandouvalos [12 on hyperbolic space along with 
the Cheeger and Yau's comparison (see Wang 142] ) allows one to obtain a lower 
bound on the heat kernel 

(26) inf vt(x, y) > C(D, T) exp (~ - { ° - ( D - l)Vkn) . 

Putting the above estimates together, we see that there are constants Ci, 02,03,04 
(independent of x) such that for any non- negative subharmonic function /, 

(27) sup \f(y)\ < Cl ^( a; ,2)- 1 expf^ + C3 n + C 4TY|/|| L1(Al , ) . 

yeB{x,n) \ 1 J 

Now for t < T and n > 1, 



P x (n-l<d(X t ,x)<n + l)<[ sup fi t (x,y) )V(x,n + l). 

\yeB(x,n+l) J 

We use upper bounds on the heat kernel due to Li and Yau (33 j as stated in Davies 
[13] with 5= |: 

IH{x, y) < c 5 V(x, (t/2)^)-^V(y, {1/2)^)'^ exp (l - ^f^) ■ 

The relative volume comparison gives constants 06,07 such that for all r > 0, 

V(x, r) < V(y, d(x, y)+r) < c 6 V(y, r)r~ D exp (c 7 (d(x, y) + r)). 
This allows us to rewrite the heat kernel upper bounds as 



M^y)<c 5 c 1 6 /2 v(x,(t/2) 1 ^)- 1 ( 

(28) xexp^ ■ Ad ^ y)2 ■ C7d(s ' y) 



,4 v/8 9t 2 

By Bishop's comparison theorem, there are constants c$ and eg depending on k 
such that V(x, r) < cse Cgr , and so if we set 



COM) ^c^csV&m 1 / 2 )- 1 (0 



-D/4 



t cjt 1 ' 2 ' 
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then 

P x (n- 1 < d(X t ,x) <n+l) 
< C(M)exp (-±(n + If + C -^^(n + 1) 

c 7 + 2c 9 4 \ ( 4 2 f c 7 + 2c g 8 



= C(x > t)exp^— ^— --jexp^--n , y 2 ^ 

By combining the estimate above with Eq. (|27|) . we see that there are constants 
cio and cu, which depend on a; and t but not n, such that 



sup \f{y)\ P x (n - 1 < d{X t ,x) < n + 1) < c w exp — - — n 2 + c n n 



\ y(EB(x,n) 

Set t := ||. If t < to, then f - ± < and 



r 9t 



sup P(n-l<d(X t ,a:)<n + 1) -> as n -> oo. 

\y£B(x,n) J 

Therefore, condition (B) of Theorem 13.51 is satisfied. 

When, in addition, / £ L P (M, fi 1 ^) for p > 1, the following proposition indicates 
that / £ L X (M, jLty + J for some small e > 0. Therefore, an application of the results 
proved above show that, since T < T + e, e TA / 2 / = / when / is harmonic while 
e TA/2 j -> j w h en jg ^2 an( ^ su bharmonic, and the proof of Theorem 11.21 is 
complete. 

PROPOSITION 3.10. Suppose f £ L p (M,/j%,) for somep > 1. Then there exists 
an e > such that f £ L 1 (M, , e ). 

Proof. The proof is elementary and relies of the fact that we have upper and 
lower bounds on the heat kernel of essentially the same exponential order. We 
observe that by Holder's inequality 

|/(tf)|A*r +e (o,tf)V(d!/)= / \f{y)\ ^ T+ f°' V \ T {o,y)V{dy) 

(29) < II/IIlp(a/^°)|| ^ T+ ^ t- ||l9(a/, m °) 

where q > 1 denotes the conjugate exponent to p. Now pick < S < 1 and e > 
such that 

4T g-1/2 
(4 + S)(T + e) ' 
Note that one can always find such a 6 and e since the right-hand side of the above 
is less than one while the left-hand side tends to one as 5 and e both tend towards 
zero. By the heat kernel bounds of Li and Yau |33j as stated in Davies |13j . 

2d(o,y) 2 



MT+e ( ,y)<Cexp [- {4 + 6){T + e) 

where the constant C depends on T + e,o,D,k and also exponentially on d(o,y) 
(see line (|2"5]l above) . The heat kernel lower bounds of Eq. (f2l)|) above imply that 

d(o,y) 2 * 



V>T(o,y) > Cexp 



2T 
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where again G depends on many factors, but only at most exponentially in d(o, y). 
For our chosen S and e, these heat kernel bounds imply that the function y — > 
mt(q v 2 tends t° zero at infinity; in particular, it is bounded by some constant 
K. It follows that 

— -, — r \\l"{m^ t ) = / — / — vt^w oj ' v ( d y) 

Ht{o,-) '^ t ' J m Mt(o,?/)9 1 / 2 

<K [ iiT{o,y) 1/2 V{dy) 
< oo, 

and hence / £ L 1 (M, /4 +e ) by line fl25J|. □ 

3.3. Subelliptic Operators on Lie Groups. Suppose M — G is a finite 
dimensional Lie group with a left-invariant Riemannian metric. Let A denote a 
right-invariant Haar measure. Suppose {&{ }t>o,i<fe<<2 is a collection of independent 
R-valued Brownian motions and let {Xf} t >o denote the solution to the G-valued 
stochastic differential equation 

dX? = L x ?* ( V Y k 5b k t ) .V;: = r a... 



where t —> Sb^ denotes the Stratonovich differential, {Yk}f. =1 C g = Lie(G), and 
L gie denotes the differential of left translation L g (x) = gx. The process {X t } t > 
has infinitesimal generator 

l \ - ~2 

fc=i 

where Y - denotes the left-invariant extension of Y £ fl. We also assume that {Yfc}^ =l 
satisfies Hormander's condition, i.e. H, the linear span of {Yk}f =1 , generates g 
under iterated Lie brackets. Under this assumption, the left-invariant operator L 
is hypoelliptic and the measure juf (E) = P x {X t £ £7) has a smooth positive density 
with respect to A, the heat kernel, which we denote by /i t (x,y) = ^(dy) • ^ n e heat 
kernel is left-invariant, i.e. m(x,y) — fit{gx,gy) for all x,y,g £ G. 

Let d/f : G x G — > K denote the horizontal distance on G. is defined by 



dii(x,y) = mf | ^ («) - 1 * t' ) I ^ J - 



where the infimum is taken over all horizontal paths, that is, all absolutely contin- 
uous paths 7 : [0, 1] — > G such that 7(0) = x, 7(1) = y, and L 7 ( t )-i*7'(t) £ H for 
all t £ (0, 1). The quantity 

l H (l) = f \L j{t) -^(t)\dt 
Jo 

is the horizontal length of 7. We consider balls of radius r > 

B(x,r) :={y£G\d H (x,y)<r} 

It is known that B(x,r) is compact for all x and r > 0. As before, we will let 
V(a;, r) denote the volume of B(x,r). If d(x,y) denotes the Riemannian distance 
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between x and y, then d(x, y) < cIh(x, y). If follows that B(x, r) is contained within 
the Riemannian ball of radius r; in particular, there exists constants b, k such that 

V(x,r) < be kr 

for all x e G. 

If we fix t > 0, and set 



e 



fj, s (x,y)X{dy) 



inf I / n,(x,y)X(dy) \ > 

0<s<t 



<B(x,l) J 

for some x £ G, then by the comments of Example (|3.2|) . {X t }t>o is uniformly local 
with parameter 5 = 1. 
Suppose Lf = and 

E [|/(X T )H = / \f(y)\ P Mo,y)Hdy) < ™ 

JG 

for some hxed o g G and 1 < p < oo. Note that since L is hypoellipitic, / is 
necessarily smooth. In this subsection, we will show that the conditions (A) and 
(B) of Theorem 13 . 5 1 apply to such an /, which amounts to a proof of Theorem 1 1.61 
We first recall some necessary upper and lower bounds for the heat kernel. 
For proofs and additional references, we refer the reader to Section 3 of Driver, 
Gross, & Saloff-Coste |19j . It should be noted, however, that |19j considers kernels 
corresponding to the operator and so some statements below differ slightly 
from those in [10] . 

Proposition 3.11. For all k € (0,1), there exists a positive constant C K and 
an integer v such that for all x,y £ G and t > 

IH{x,y) <cjl+ iy 2 ^^-*^. 



2t r 

Also, there exists positive constants C, c such that for all x, y € G and t > 0, 



/'/(.'■■//) :> c [ i + — 



v/2 



e -Ct e -Cd H (x,y) 2 /2t^ 



Proposition 3.12. There exists a constant K > such that for < s < t, 
(i a (x,y) < tH{z,y)exp[K [- 



s 2(t-s) 

The parabolic Harnack inequality above fProposition l3.12] ) implies that, for any 

Mt(o,-) 



t < T and x,o € G, the function Mt i z '/} is bounded. Therefore, for any < t < T 



and x G M, 



i/(</>|->,U'.</iA(,/,/S= / \f(y)\P^yln T (o,y)\(dy) 



Sex K A '(i + l^f))/ o l/(! ' )|rw(0 ' ! ' )A( ' i! ' ) 



< 00. 



Therefore, condition (A) of Theorem 13.51 is satisfied when < t < T. When t = 0, 
condition (A) is satisfied as well since / is everywhere finite. 

To see that condition (B) of Theorem l3.5l is satisfied, we first obtain a pointwise 
bound on L-harmonic functions. 
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Proposition 3.13. Suppose Lf = and J G \f(y)\/iT{x,y)dy < oo for some 
x G G. Then for any a > 0, there exists constants D = D(a,T) > and /3 > 
such that 

sup |/(y)| < De^ n + a ^ n+d ^ x ^f\\ L , {G ^ T y 

y^B(x,n) 

Proof. Since L is hypoelliptic and Lf = 0, it follows (see Corollary III. 1.3 of 
for example) that there exists a constant Dq — Dq(u) such that 



|/(e)|< A>||/||lmb(^),a)- 

Observe that the function / o L g is also L-harmonic for any g e G since L is 
left-invariant. So 

1/(^)1 < -Doll/ ° Lg\\^(B(e, a ),X) = AMS" 1 ) \ \f\ \ L i (B(g.a),\) 

where m denotes the modular function on G. Now using the heat kernel lower 
bounds from Proposition l3.11l 

Li(B( g , a ),x) = [ \f(y)\ fiT< f ,v \ Mdy) 

JB(g, a ) VT{X,y) 



< ( i ni ,Hr{x,y) ) \\f\\mG,^ T ) 

\y£B{g,a) J 



.vjl 



L 1 (G,/jf.) ; 



for the constant a 1 = c (l + ^ ) e CT . It follows that 

sup |/(5)| < a^ e* ( " +Q)2 ||/|U 1(G ^) ( sup m{g~ l ) j . 

g£B(x,n) \g€B(x,n) J 

It remains to show that the modular function has at most exponential growth in 
the horizontal distance. 

Let 7 denote a horizontal path such that 7(0) = e and 7(1) = g _1 . Define a 
sequence of times to,ii,t2, — ,U by setting to = and tfc+i to be the first time s > tk 
such that dnilitk), 7(s)) = 1. Note that U#(7)J = r an d that dnilitr), g~ r ) < 1- 
Then 

9' 1 = 7(io)7(iir 1 7(ii)7fer 1 7(i 2 ) ■ ■ • T^MM^S^ 1 , 
and each 7(i/ £ )7(ifc + i)~ 1 is contained in B{e, 1). The modular function is a homo- 
morphism, and so 

mig- 1 ) = m(7(i )7(ii)~ 1 )^(7(ti)7fe)" 1 ) . • . m( 7 (t r )- 1 « ? - 1 ). 
If we set 9 = sup y6B( - e ^ m(y), then we see that 

mig' 1 ) < e lH ^ +1 . 

Taking the infimum over all such 7 gives that m{g- 1 ) < 6 dH ^ a . It follows 
that sup geB / x _ n ) m(g^ 1 ) < d H(e.x)+n+i _ -j,^ s t a tement of the proposition follows 
with D = aD 6 and /3 = In 9. □ 

For any positive integer n, 

P x (n- 1 < d H (X t ,x) < n + 1) < I sup fh(x,y) ] + 1). 
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The heat kernel upper bounds of Proposition 13. Ill above with k — \ give 
sup (it(x, 



y£B(x,n+l) \ 2t 

Along with the volume estimates on balls, we get that 

P x (n-l<d H (X u x)<n + l)<C K b(l + ^j ' e c, x t e fc (™+ 1 ) e - ( ™ +1)2/4t . 
Putting this together with Proposition 13 . 1 31 with a — 1 gives 

f sup )p x (n-l<d H (X t ,x)<n + l)<Ce^-^ n+1 ^ + ^ n , 

\g£B(x,n) ) 



where 

C = C'J> I I 



" b ^ + h)^ 2 eCKtDe " dH(e ' X)+k \\f\^(G^ T )- 



It follows now that if we chose t < to = j^, then y — < 0, and this expression 
goes to zero as n — > oo. This proves condition (B) of Theorem [ 



Appendix A. Infinite-dimensional applications 

We now briefly discuss some of the hoped-for infinite-dimensional applications 
of our results. The first application is to give a meaning to the heat operator on 
certain infinite-dimensional manifolds and groups. There are by now many infinite- 
dimensional manifolds for which a based heat kernel measure Hj* is known to exist, 
usually constructed as the distribution of an appropriate stochastic process. A 
particularly simple example is Wiener measure of Example 12.51 Other examples 
include 0[I![ig[2lJ[23l[24l[3!|4H among others. 

Up to now, however, very little has been said about the associated heat operator, 
which one would like to realize as an operator on some natural Banach space of 
functions. Since there is no infinite-dimensional analog of the Riemannian volume 
measure (or Haar measure in the group case), it is natural to use the heat kernel 
measure itself. We may attempt, then, to define the heat operator on L P (M, fXj,) 
for some T > and some fixed basepoint o E M. Unfortunately, even in the case 
of an infinite-dimensional Euclidean space, the Laplacian is not a closable operator 
in L P (M, Hj,), which means that we are not going to be able to construct the heat 
operator as any sort of reasonable semigroup mapping L P {M, (i^,) to itself 

Our results show, however, that the heat operator e* A / 2 (or more generally 
e tL ) is a nice operator (a contraction) from L p {M,ijl^) to a different space, namely 
L P (M, fij,_ t ), provided that we have the natural semigroup property for the heat 
kernel measures (and this property will surely hold whenever the measure is con- 
structed as the transition probabilities of a Markov process). In addition, this 
approach allows us to define the heat operator on L P (M, fij,) directly, without hav- 
ing to work first on some sort of cylinder functions and extend the operator by 
linearity. 

The second infinite-dimensional application is to construct a sort of "holomor- 
phic regular version" in the sense of Sugita |37l [38 . In the infinite-dimensional 
case, we expect that fi° and /x° will be mutually singular when s < t; the two mea- 
sures are certainly mutually singular in the flat case. Nevertheless, in nice cases, 
holomorphic functions are automatically harmonic, and so we expect to be able to 



24 



MATTHEW CECIL AND BRIAN C. HALL* 



apply Theorem 11.11 to these functions. This means that the norm of an LP holo- 
morphic function with respect to p,° should be no greater than the LP norm with 
respect to even though p,° is singular with respect to This monotonicity of 
the norms is already known in certain infinite dimensional group cases when p = 2 
and the manifold is a complex group. This follows from the Taylor expansion, 
proven first in the context of a complex finite dimensional group by Driver & Gross 
[18] . then extended to infinite dimensional cases by 0[T7, 23 . Even for general 
p and a general manifold, the result is elementary at a formal level, but to our 
knowledge has not been remarked upon until now. 

It should be noted that in this last application, we do not seem to be using the 
fact that the functions involved are holomorphic, but only that they are harmonic. 
This suggests that one might be able to develop a theory of LP harmonic functions 
parallel to what one has in the holomorphic case. There are, however, some subtle 
difficulties with this idea, connected with the fact that the infinite-dimensional 
Laplacian is not a closable operator. 
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